Dual Supergravity in D=10, N=l Superspace 
with Tree-Level Superstring Corrections 



M.V.Terentjevf] 

Institute of Theoretical and Experimental Physics (ITEP) 
Moscow, 117259, Russia 



Abstract 

The dual version of the D=10 N=l supergravity (SUGRA) is con- 
sidered in the superspace approach. The superstring (anomaly com- 
pensating) corrections are described by the 3-form superfield Aabc ■ 
The complete set of dynamical equations for the A-field and for physi- 
cal fields of the theory are presented. The solution of the A-field equa- 
tions as a finite order polynomial in terms of curvature and gravipho- 
ton superfields is given. It makes possible to incorporate some of the 
superstring corrections in the dual supergravity in the explicit and 
closed form. 



1. INTRODUCTION 

It was shown by Gates and Nishino ||1| that the "dual" version of the 
D=10, N=l supergravity (IB-type theory) is an alternative to the "usual" 
version (type lA) not only as the field theory, but also as a classical back- 
ground of the D=10, N=l superstring theory. First, these two versions (lA 
and IB) were considered by Chamseddine 0. Interaction with matter was 
constructed in 0, (for lA theory) and in (for IB theory). 

However, both the lA and IB versions, considered as an effective theory of 
massless modes of the type I (heterotic) superstring, can not be described by 
the lagrangian of ref's That is because these supergravity versions 

are anomalous, while the heterotic string theory is not. 

The Green-Schwarz mechanizm was invented for cancellation of the 
supergravity anomalies. It was implemented originally to the lA-theory, but 
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it works also in the IB theory (cf. P). According to ||^, the Lorentz- 
type Chern-Symons terms are needed to compensate anomahes. Such terms 
are added to the graviphoton field-strength in the lA theory, and (in some 
approximations) immediately to the lagrangian as special interaction terms 
in the IB theory. After this modification the lA and IB supergravities are no 
longer supersymmetric. Restoration of supersymmetry is an important long 
standing problem. 

The implicit solution of the supersymmetrization problem for some of 
the anomaly compensating terms in the lA theory was presented in the refs. 
[0])IH- (S^e ref.0, where the present state of the problem is described and 
more detailed list of references is given). The explicit solution may be ob- 
tained from the results of |]^, |Q as an infinite series in the string slope 
parameter. In general, this series contains all positive integer powers of the 
graviphoton field-strength and the curvature tensor. 

We demonstrate in this paper, that the situation is different and more 
simple in the IB ("dual") version of supergravity. The supersymmetrization 
may be achieved by adding a finite number of terms, which are powers of 
the graviphoton (7-form) field-strength and the curvature tensor. f\ This 
result provides the explicit solution of supersymmetrization problem in the 
dual supergravity, obtained in the same approximations as in the refs 
Some preliminary results were obtained in the refs. W^ - WM . Our derivation 



here is based on the remarks made by D'Auria and Fre We use also 

general results, obtained in P]. 

We consider the case of pure supergravity in the D=10, N=l superspace. 
(The incorporation of matter degrees of freedom is the standard procedure). 



This work is based on the previous paper [0, where dynamical equations 
for superstring corrections were described using the simple parametrization 
of Bianchi Identities (BI's), introduced by Nishino |T^. Our notations cor- 
respond in general to that of ref. |jl6[ (they are described in |13[ 
but there are small differences which are self-evident. 



2. SOLUTION OF TORSION BIANCHI IDENTITIES 

^The lA and IB supergravities are completely equivalent in the zero order in the string 
coupling constant, i.e. in the case, where Green-Schwarz mechanizm is "switched off'. In 
the general case, when powers H^, n > 3 of the graviphoton field are included, these 
theories may be different. The possible connection between them is discussed in ||l0| , 
where one may find other references on the subject. 
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First, we show, that all the supergravity equations of motion (e.m.) in 
superspace follow from the supertorsion BI's. The only difference between 
usual (type lA) and "dual" (IB) versions is in the connection between com- 
ponents of supertorsion and graviphoton superfields. 

The standard set of torsion BI's is: 

D[aTbc)^ + T^ab'^ Tqc)^ + R[ABC)^ = 0. (2.1) 

Here the summation Q-index is not included in the symmetrization pro- 
cedure. Covariant derivatives Da obey the commutation (anticommutation) 
relations: 



[Da Db - {-IT'Db Da) = -Tab"^ Dq + Rabc^ M"" (2.2) 

where T^^ is the torsion superfield, Rabc^ is the supercurvature, M"'- is 
the generator of Lorentz transformations: (M^'^)q,^ = \{T'^'^)a^ in the spino- 
rial representation, Rabo^ = \RABcd(^'^'^)a^ ■ 



We use the constraints 17 



Tap" - ^al3 ) " ^/36 " 0) " i^'^a)t3^ , (2.3) 

where X = Xabc^'^^'^- This parametrization provides the complete solution 
of the BI's (2.1) in terms of T^j, and T^^ -components. 
It follows from (2.1): 

-^abc Tahc i D T^bc 2 ^ibc Tij , 

D'Tabc = 0, (2.4) 
where Tabc = T^bVdc is the completely antisymmetric tensor. Furthemore: 

TabT""' = 0, DTab = DV^aLb] = 0, 
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20, 



DTyabTcd\ — -:rD[aTbcd] + -irT^^bcd] 



DT[abcLa 



D[aTbcd] — —T? 



[ahcd] 1 



(2.5) 
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where La = Tab^^, LaV^ = 0. Wc do not write spinorial indices ex- 
plicitely in the cases when their position may be reconstructed unambiguosly. 
Here and below we use the notations: 

TA^TijkA'^'', {TAU^TaijA,'^, {TAU^a ^ T,,jA,a' (2.6) 

where Aahc is an arbitrary 3-form supcrficld, = TT. 
The components of the curvature tensor are: 

Ral3ab — Tabc^ap — — Tijk (F*'' ab)al3, (2.7) 

3 

Rabc = —'^TalbTc] + -^gTbc], (2.8) 

Rab''' = -lDr^'nb-lD^aTbf'-r^Sl^b]T' + ^S^^^^^^ (2.9) 
In particular: 

R[abc]d = -D[aTbc]d - 7]a6c]d' Rlab] = 0, = "3 (2.10) 



Rab = —DT^aLb) - ^T'Vab - ^T^b, (2.11) 
where Rab = Racb"^ is the Ricci tensor, R = RabV"'^ is the curvature scalar, 

{Rabc)f3 = R/3abc- 

Now we introduce the dilaton 0, and define the dilatino Xa-field by: 

X = D(t> (2.12) 

The most general expression for the dilatino field spinorial derivative may 
be taken in the form: 

D^Xis = -\Dap(t> + {-^ct>Tabc + Aabc) (2.13) 
where D = -DaF", but Aabc is a new supcrficld. 

The D=10 supergravity multiplet contains (f)\, x\ -fields {<p\ is the first 
component of 0- supcrficld, etc.), gravitino -0^1 field (note, that = 
D[m'^'\ ), graviton El^^] and graviphoton 3-form field Habc\ or 7-form field 
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Nai...ar\ in the dual supergravity, which arc related to Tabc\ (see below). All 
the equations of motion for these fields follow from (2.1), (2.2) and (2.13) if 
the constraints (2.3) are imposed and the subsequent formulas (2.4) - (2.11) 
are used. 

The gravitino e.m. may be derived, calculating the quantity [DraD)x/3 
with the help of (2.2) and (2.13). It takes the form: 



where f = TabJ 
tion r"Q„ = : 



(2.14) 

where T = Tabc^"''^'^- The dilatino e.m. follows immediately from the projec- 
tion r"0_ = n : 



Dx+^fx+lr^'DAj, = 0. (2.15) 

The e.m. for the dilaton field follows from the explicit calculation of the 
spinorial derivative DV^Qa — 0. The result is: 

Dlcj) + ^(PT^ -2TA^ ^Dr^'^DAijk = 0. (2.16) 

The graviton e.m. follows from (2.11) if one calculates the corresponding 
spinorial derivative DT(^aLh) from the gravitino e.m. The result is: 

(})Rah = -L(ar6)X - ^(prjabT'^ + D^aDb)(j)- 

-2 T^aAb) + ^Dr\aDAb~^i^ - ^'nabOr'^DA.jk (2.17) 

The e.m. D]^aTbcd] = • • • and the similar equation for Aabc -field may be de- 
rived if one combains the 210 IR projections DT]^abcQd\ — and DTabcjQj — 
0. One obtains in this way: 

3 3 

+h^TeA)abcd + 6 {TA\^,j^ + -^DT^JDA,^^ = (2.18) 



D^aAbcd]+'i{TA) 

[abed] T~ oarx 

{TeA) 

abed 



-DTabcd"'DA^k + ^DT[abDA,d], = 0, (2.19) 



16-60 ' 16 

where {TeA)abcd = Tijkeabcd-'^^^^ Amns- 

One more equation for the Aabc- field follows from the 45 IR projection 
DV^aQh] = : 

• 64 

DT^a^'D + 56 D^Ajah - -j{TA\,^ = (2.20) 

There are several possible consistency checks of the presented equations. For 
example, one may derive the graviton e.m. (2.17) considering the projection 
DT(^aQb) = 0, etc. 

Eventually, we may derive one more equation, considering the 1200 IR 
projection of the quantitiy DaD^x-y- We obtain [p!6| : 



(D„A,,,)(i20°) = (2.21) 



Note, that (2.19) follows from the eq.(2.21) ig. 

In the case Aabc = the e.m.'s (2.14) - (2.18) and the last equation in 
(2.4) correspond (after some field redefinitions) to the supergravity of ref. [Q]. 
The incorporation of matter degrees of freedom leads to Aabc = ^^abc^, where 
A is the gluino field. In this case (2.14) - (2.18), and (2.4) correspond to the 
e.m.'s of gravity sector of the refs. [|] or supergravity. 

Now we return to the more general case of anomaly free supergravity. 
The ylabc-tensor may be found in this case from the parallel consideration of 

Nai...ar and Habc BI's. 

3. SOLUTION OF GRAVIPHOTON BIANCHI IDENTITIES 



Dual Supergravity 

The BI's for the 7-form graviphoton field of dual supergravity has the 
form: 

7 

D[AiNa2...A8) + 2 ^[^lAa'^ NQA3...A8) = (3.1) 

(The summation Q-index is not included in the symmetrization). There 
is no need to introduce anomaly compensating Chern-Symons terms in (3.1) 
because the A^-field appears to be the Lorentz-covariant in the Green-Schwarz 
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mechanizm. But there is a freedom in the solution of (3.1), that incorporates 
the anomaly compensating contributions in the dual supergravity. 
The following set of constraints provides the solution of BI's (3.1): 

Naf3ai...a5 = —{^ai...a5)al3, (3.2) 

Nabc = Tabc, (3.3) 

where 

Nabc = ^eabJ''-''Nt,...b, (3.4) 

All other components of the A^-field are equal to zero. 

This solution is completely consistent with torsion BI's in the sec. 2. It 
is important, that no additional restrictions on the choice of the Aabc - field 
follow from (3.1). It is still arbitrary except for the constraints (2.19) - (2.21). 
Due to the condition (3.3), all the e.m.'s obtained in the sec. 2 become the 
equations of dual (type IB) supergravity. The explicit form of the A-field that 
includes all (anomaly compensating) superstring corrections may be found 
from BI's of the usual (type lA) supergravity. 

Usual Supergravity 

The graviphoton BI's of usual anomaly free supergravity has the form: 

D[aHbCD) + I T^AB HqCD) -\i R[AB'^RcD),f = 0. (3.5) 

(The summation Q- index is not included in the symmetrization). The 
term, proportional to 7 in (3.5) stems from the Lorentz Chern-Symons form 
uol m the definition of Lorentz-covariant 3-form graviphoton field H: H = 
dB — ^ijJli where B is the 2-form graviphoton potential. 

Our analysis of BI's (3.5) follows closely to the approach of |T^, but it is 
more simple in the parametrization of sec. 2. The self-consistent solution of 
(3.1) has the form: 

= 0, (3.6) 

Hafic = (Xc)aP + 7 Wal3c, (3.7) 
Habc = -{TbcX)a + 7 Wabc, (3.8) 
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Habc= -(l)Tabc + lWabc (3.9) 

Furthemore, the equation for the A^hc - field follows from (3.5): 

Kbc = iLabc (3.10) 

The functions W and L appear due to the contribution of the RR term 
in the BI (3.5). We present the necessary explicit expressions for them. 

The Wajjc is found from the (0,4) sector of (3.5). (The (p,q) sector is 
defined as the equation with p bosonic and q fermionic external indices) . We 
get: 



where 



Wa = XabT'' + XaM.M'^'"-'" (3.11) 

Xab = \ {T\b (3.12) 

Xa,bi-b5 = ■^—^{St^'.'.'hi^^ + ^ eti-.-ts'^'"''^') {Ga,ci...C5 + ©aci-cs) (3.13) 

The G-tensor is the 1050 IR of 0(1.9) (G"^,ac2...c5 = 0): 

40 1 2 

Ga,ci...C5 = ~^(-^a[ciC2-^C3C4C5] ~ 2^'^['^i'^C2...C5]) (3-14) 

The is a totally antisymmetric tensor ( 210 IR of 0(1.9)). It is not 
fixed at the (0,4) level of BI. 

At the (1,3) level we get the Wf^ab in the form: 



5 1 

+-RcijTd^ + —Rc[dmTijk]i^"'''^'') (3.15) 

At the same (1,3) level we get the restriction on the DQabcd in the form of 
the projection to the 1440 IR of 0(1.9): 

{Deabcd - l^aTbcdif^''"') = (3.16) 

where 
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©afecd = ■Tr;^abcd"'^"'"'^Qai...a6 (3-17) 

d! 

One may find the general solution of this equation. The result is: 

4 

Qabcd = --iD[aTbcd\ + 2 Tjbcd]) (3-18) 

Now we come to the (2,2) level. There are two different projections of (3.1) 
at this level to the 120 IR of 0(1.9). The first one produces the relation (3.9), 
where Wabc is a complicated tensor, depending on the torsion components and 
their derivatives. The explicit form of Wabc is not interesting for us here. 

The second projection leads to the eq.(3.10), where Labc is equal to: 

Labc = -12 ■ 16 D^Ojabc - 96 r^[aebc]^J + 2 Dr™",fe,W^„ + 

320 

+32 ■ 160 T^-'^Xm,ijabc + 128 T[abcXnf' H — [mnTabc\ + 

+2 RJ^T^'^abcRm, + l{ReT)abc. (3.19) 

9 

where {ReT)abc = i?mnp,eafec™'^'T,,fc. 

All the spinorial derivatives in (3.19) may be calculated explicitely using 
the formulas of sec. 2. Equation (3.10) corresponds to the eq.(4.7) from [§]. 
Equation (3.19) corresponds to the eq.(18) from |T^. The validity of the 



condition (2.21) is garanteed by the main theorem of the ref. [§] and may be 
checked by direct (complicated) calculations. The validity of (2.19) follows 
from (2.21) ||T^. We were not able now to check the validity of (2.20) because 
very long calculations are required for this check. But we may expect from 
general grounds that this equation is also vahd because it is garanteed by 
the (supposed) self-consistency of the superspace description of the usual 
anomaly free supergravity . 

4. CONCLUSION AND MAIN RESULTS 

Note, that Aabc = due to the eq. (3.10) if 7 = 0. So, the Aabc-field 
is connected in this approach only with the contribution of anomaly com- 
pensating terms. One may easily extract from (3.19) some special terms 
considered before (see |lllI|-[0), which are explicitely connected with com- 
pensation of anomalies. (They are related with generic terms ~ 7/?^ and 
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~ -jNQ in the lagrangian, where dQ = ). The complete analysis of (3.13) 
will be presented in the subsequent publication. 

It is important, that Aahc is defined by the eqs.(3.10), (3.19) quite inde- 
pendently on the Hahc - field, so (3.10) may be used as an anzatz for the 
A-field in the equations of sec. 2 independently on the subsequent choice (lA 
or IB) of the supergravity type. 

If we add (3.10) to the e.m.'s of sec. 2 and change everywhere Tabc to Nabc 
according to the eq.(3.3), we obtain the description of the dual supergravity 
including (anomaly compensating) superstring corrections. So, the equations 
(2.4), (2.14)-(2.18) together with (3.3) and (3.10), (3.19) provide the mass 
shell explicit partial solution of the problem of supersimmetrization in the 
dual supergravity including anomaly compensating terms. 

The realization of the similar program in the usual supergravity requires 
the expression of the Ta^c-field in terms of Habc- For this purpose one must 
solve the highly nonlinear differential equation (3.9). It is possible to get only 
perturbative solution in the form of infinite series in powers of 7-parameter. 
It is rather difficult to calculate even the first term of this series (cf. ||18||). 



In the framework of the discussed approach one can not calculate all pos- 
sible superstring corrections. Even the corrections needed for compensation 
of anomalies were not taken into account in the full scale. Indeed, the A^- 
Bianchi Identities (3.1) were not modified in accordance with the general 
procedure [|1^]. It means that only tree-level syperstring corrections are 



taken into account, namely the corrections where scale invariances [TTI], 



specific for the tree-level, are not broken. In addition, one-loop anomaly com- 
pensating counter-terms, which are not related with the structure of BI's, are 
out of the scope if they break the scale invariance. The same approximation 
is typical for the most papers on this subject. (Note, that there are some 
reasons [l^ to consider string-loop effects mentioned above as very small 
numerically) . 

The author is thankful to S.Gates for information on the H.Nishino paper 
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